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Re´sume´
La contrainte d’inextensibilite´ se rencontre dans de nombreux proble`mes me´caniques d’interaction entre une struc-
ture fine et un fluide. Elle est ge´ne´ralement traite´e nume´riquement par une me´thode de pe´nalisation. Nous pro-
posons ici une approche de point-de-selle, permettant de l’imposer par le biais d’un multiplicateur de Lagrange
de´fini sur la structure fine, la tension. Toutes les forces se rapportant a` la structure apparaissent comme condition
aux limites du proble`me fluide, et sont de´finies sur une frontie`re mobile repre´sentant la structure. Le proble`me est
discre´tise´ par des e´le´ments finis mixtes. Deux exemples nume´riques sont pre´sente´s.
Abstract
The inextensibility constraint is encountered in many physical problems involving thin solids interacting with a
fluid. It is generally dealt with in numerical simulations by means of a penalty method. Here, we propose a novel
saddle-point approach allowing to impose it through a Lagrange multiplier defined on the thin structure, the tension.
The forces originating from the structure appear as a boundary condition for the fluid problem, defined on a moving
boundary which represents the structure. The problem is discretised with mixed finite elements. The method is
demonstrated on two different stiff mechanical problems.
1 Introduction
From sailing to micro-organism swimming, there are innumerable examples of dynamics involving the interactions
between a fluid and a thin elastic sheet or a slender filament. Because they are thin or slender, the geometry of
these elastic structures introduces a small parameter: the thickness, or the radius, compared to the length. When
this parameter is taken to its limit, this problem is a generalisation of interfacial dynamics problems, where the
governing equations in the fluid domain are supplemented with a jump boundary condition for the stress at the
interface. An elastic thread is fully characterised by its bending and extension–compression elasticity, while an
elastic membrane additionally has a shear elasticity [1]. Here we are interested in the case when the extension–
compression modulus is extremely high, that is, of nearly inextensible (and incompressible) threads and membranes.
A very high extension modulus makes the problem very ill-conditionned, and not practical for numerical resolu-
tion. Two options are available : either to reduce artificially the value of the modulus, but keeping it high, this is the
penalty approach, or to consider that this modulus is infinite, making the thread totally inextensible, which leads to
a constrained problem. The penalty approach introduces a parameter, the penalty extension modulus, which needs
to be adjusted in simulations to achieve convergence. The numerical result will depend on the penalty modulus.
Also, since external forces may vary locally, the actual, non-physical extension of the thread will be higher in re-
gions of strong sollicitation. On the other hand, the constrained problem approach introduces no additional free
parameter and imposes inextensibility uniformly. It is thus physically more attractive for approaching very high
extension modulus cases, but requires more involved numerical methods.
In this paper we develop a numerical method for the resolution of this constrained problem. The augmented
Lagrangian approach of Fortin and Glowinski [2] is widely used for solving problems subject to a constraint, such
as volume incompressibility in Stokes and Navier–Stokes equations. In the next section, we present the mechanical
setups that will be used to demonstrate the method, namely a one-dimensional flag in a two-dimensional flow and
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(a) (b)
Figure 1: Geometry and boundary conditions for two model problems, with different boundary conditions on the structure. (a)
The flow past a flag problem. The tension has to vanish atB, since no other force balances it pointwise. At pointA,
the flag exerts a force on its pole Γd equal to the tension in the flag at this point. The velocity is prescribed atA, not
the tension. (b) The fully inflated ball problem in axially symmetric geometry. The inextensibility imposed on Γ(t)
and incompressibility of the fluid inside Ωd(t) render any deformation impossible. The horizontal component of the
velocity is prescribed at both ends of the curve Γ(t), which has a horizontal tangent there. No boundary conditions
are prescribed on the tension.
a spherical ball in free fall. Both cases are addressed here in the case of negligible inertia (massless structures in
Stokes flow), the case with inertia is treated separately in [3].
2 Problem statement
The flag interacting with a flow is probably the simplest setup one may imagine where a fluid flow and a thin
structure interact. Let us consider its implementation as shown in figure 1(a) : in a two-dimensional channel with
no-slip at the wall, a fluid flow is generated through incoming flow boundary condition with a constant profile
Uex. By volume conservation, the same is imposed as an outflow condition. In the middle of the channel is a thin,
inextensible structure fixed at its windward end A, while the leeward end B is free to move. In order to avoid a
pointwise boundary condition at A, which is mathematically and physically impractical, A is connected to a short
plate acting as a pole, which is aligned with the flow. At B in this setup, tension is zero because there is no other
force acting pointwise to oppose it. At A, the whole of the drag force exerted on the flag by the fluid has to be
balanced by the pole, which thus feels a force equal to the tension of the flag at this point.
In this paper, we consider that both the inertia of the fluid and of the structure are negligible, i.e. small Reynolds
numbers ρUL/η and λU/η, where ρ and λ are the surface and line density of the fluid and structure respectively,
L the length of Γ(t) and η the viscosity of the fluid. We also consider that the structure opposes no resistance to
bending. The extension of the numerical method for these effects is presented in [3]. In these conditions, when
the flag is aligned with the flow, we recover Stokes stick-slip problem, for which an asymptotic solution is known
aroundB [4, 5].
Another simple setup of interest is the case of a spherical membrane-bound object, figure 1(b). In this case,
the initial geometry combined with the constraints of surface inextensibility and volume incompressibility render
the object undeformable : indeed, any deformation would require either a volume change of Ωd or an area change
of Γ(t). This case corresponds to the mechanics of a fully inflated ball made of an inextensible material (a leather
ball is a good example, although the compressibility of air and some elasticity of the leather are observed). If the
fluid in the ball is heavier than the fluid outside, and in Stokes conditions, we can therefore predict that the flow
will be the same as for a hard sphere falling—a problem which has an analytical solution. Here, tension behaves
differently, as the inextensible structure has no boundary: the absolute value of tension is thus set by the pressure
difference and curvature of the object, just as for an inflated ball.
3 Governing equations and saddle-point approach
Since we have assumed that we are in the conditions of Stokes flow, the energy budget of the problem consists
simply of the dissipation by viscous friction of the energy provided either at the boundaries (case of the flag) or by
gravity (case of the ball in free fall). The velocity however, must meet two constraints : it must have zero divergence
in the domain (this follows from mass conservation and incompressibility) and have zero surface divergence on the
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curve Γ(t), which follows from the no-slip condition and the inextensibility of Γ(t). Over a time interval (0, T ),
introducing a parametrised curve γ(t, s) which describes Γ(t), the problem thus reads:
Find γ ∈ C0([0, T ], H3/2(0, 1)), u ∈ L∞ (0, T, V div(uD, t)), such that:
J(u(t)) = min
v∈V div(uD,t)
J(v) a.e. t ∈ [0, T ],
γ(t, s) = γ0(s) +
∫ t
0
u(τ, γ(τ, s)) dτ, ∀(t, s) ∈ [0, T ]× [0, 1],
with Γ(t) = {γ(t, s), s ∈ (0, 1)} ,
V div(uD, t) =
{
v ∈ H1(Ω)2, v ∣∣Γ(t) ∈ H3/2(Γ(t))2, v = uD on ∂Ω,
divv = 0 in L2(Ω), divs v = 0 in Z ′(t)
}
,
and J(v) =
∫
Ω
|D(v)|2 dx−
∫
Ω
f · u dx,
where D(v) = 12
(∇v + (∇v)T) is the rate-of-strain tensor, and the integration variable is dV = dx dy in plane
symmetry (flag), and dV = r dr dz in axial symmetry (ball). The body forces f are gravity force in the latter case,
and are taken to zero in the former. The surface divergence operator is defined as divs v = divv − ((∇v)n) · n.
Note that in this particular case, no non-dimensional group arises when deriving these equations.
When Γ(t) is known, this problem is equivalent to finding a saddle point (u; p, ζ) ∈ V (uD) × Q × Z(t) of
the Lagrangian function [2]:
L(v; q, ξ) =
∫
Ω
|D(v)|2 dx−
∫
Ω
qdivv dx−
∫
Γ(t)
ξdivs v dA, (1)
with dA = ds or dA = rds respectively in plane and axial symmetries. We have introduced the spaces :
V (vD) =
{
v ∈ H1(Ω)2, v = vD on ΓD
}
, Q =
{
q ∈ L20(Ω)
}
,
and Z(t) ⊂ H1/2(Γ(t)), the dual of Z ′(t), may have to include boundary conditions for ζ. These boundary
conditions will be detailed in the sequel. The Lagrange multipliers p and ζ are respectively the pressure in the fluid
and the tension in the membrane. A saddle-point is characterised by the weak formulation:∫
Ω
2D(u) : D(v) dx−
∫
Ω
pdivv dx−
∫
Γ(t)
ζdivs v dA =
∫
Ω
f · v dx ∀v ∈ V (0)
−
∫
Ω
qdivu dx = 0 ∀q ∈ Q
−
∫
Γ(t)
ξdivs u dA = 0 ∀ξ ∈ Z(t)
A generalisation of Green’s formula for curved boundaries [6] can be formally applied to the boundary integrals
above, expliciting the operator divs . Note that this introduces a source term when Γ(t) is curved (denoting κ its
curvature): ∫
Γ(t)
ξdivs v dA = −
∫
Γ(t)
(
∂ξ
∂s
t+ κξn
)
· v dA+ [ξv · t]B(t)A(t) . (2)
From this, we understand what boundary conditions need to be provided for the tension ζ. Indeed, in the case
of Dirichlet boundary conditions on the velocity at eitherA orB, the boundary term at this point vanishes and thus
no condition on ζ needs to be provided. This is the case ofA for the flag, where u is prescribed and ζ is not (it will
turn out to be equal to the force exerted by the flag on the pole ΓD). This is also the case for both A and B in the
case of the ball, since there t = ±er and u · er = 0 because of the axial symmetry of the problem.
On the other hand, at B in the case of the flag, the velocity is not prescribed and we need to set a boundary
condition on the tension. Because there is no other pointwise force acting on the flag atB, we know that the tension
must be zero at this point (if a point mass were to be attached at this point, the tension would be equal to the force
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exerted by this mass on the flag). Thus, in the case of the flag, the space Z(t) must be chosen so as to impose this
condition. For regularity reasons, we need to resort to a specific functional space H1/200 , and have:
Zflag(t) =
{
ζ ∈ H1/2(Γ(t)), ∃θ ∈ H1/200 (Γ(t) ∪ ΓD), ζ = θ|Γ(t)
}
,
while for the case of the ball, the space is simply Zball(t) = H1/2(Γ(t)).
Note that the tension, unlike the pressure in Dirichlet boundary problems, is not defined up to a constant. The
absolute value of the tension is either fixed by a boundary condition at a ‘free’ endpoint (B for the flag) or by the
term κζn if κ is not everywhere zero: in the case of the inflated ball, the tension is thus equal to ζ = R∆p/2 where
R is the radius of the ball. In this particular case, the tension as a Lagrange-multiplier acts exactly as the surface
tension coefficient for capillarity. The case of a prefectly straight, inextensible structure whose boundary is blocked
is generally ill-posed, since any normal force will result in infinite tension and failure.
4 Numerical technique
In order to approximate this problem with finite elements, we introduce the piecewise linear curve Γ0h whose
segments are advected with the velocity at their endpoints to obtain Γn+1h from Γ
n
h. A triangulation T nh whose
edges include Γnh is defined either by mesh generation (for n = 64k with k an integer) or by advection of T n−1h
with the velocity at its nodes.
We introduce the following finite element spaces:
V nh = V ∩ P2(T nh ) ∩ C0(Ω), (Zball)nh,m = {ξh ∈ Pm(Γnh), } ∩ C0(Γnh),
Qnh = P2(T nh ) ∩ C0(Ω \ Γnh), (Zflag)nh,m = {ξh ∈ Pm(Γnh), ξh(B) = 0} ∩ C0(Γnh).
It is well known that for a saddle-point problem, the inf-sup condition of Babusˇka and Brezzi [7] must be verified in
order to get stability. For the velocity–pressure pair, the choice of continuous P2 − P1 elements, known as Taylor-
Hood elements [8] is known to match this criterion. Here we introduce a pressure discontinuity accross Γ(t), this
does not modify the proof for the inf-sup condition presented in [7]. For the velocity–tension pair, stability is
empirically achieved choosing m = 1 (piecewise linear tension).
However, it is sometimes desireable that the constraint of inextensibility is enforced exactly, that is, that the
discrete approximation is such that divs uh = 0 and not divs uh = O(hk). This property can be achieved if
there is kernel inclusion [7]. Using m = 2 allows to obtain this property, but this is incompatible with the inf-
sup condition and oscillations appear on the discrete tension. In some cases, this is preferable in order to ensure
surface conservation, and a filtering technique can be applied on the tension in order to remove the oscillations, e.g.
projection from Zh,2 onto Zh,1. This is presented below in the example of the flag.
5 Numerical simulations
5.1 Free fall of a ball in a viscous fluid
A spherical object, filled with an incompressible fluid and bounded with an inextensible membrane is rendered
undeformable by the combination of these two constraints. An everyday example of such an object is an inflated
leather ball. This can easily be seen from the fact that any volume-preserving deformation of a sphere increases its
area. As a result, such an object must behave as a hard sphere.
Thus it appears that a demanding test of our method is to calculate the permanent flow generated by the fall
of a heavy ball with an inextensible membrane in a fluid at rest, see figure 1(b). Because of the symmetry of the
problem, there will be no shear in the plane of the membrane. Thus, a solid membrane exhibiting a shear elasticity
(such as leather balls) and fluid membranes exhibiting a low shear viscosity (such as vesicles [1]) will behave in the
same way, and there is no need to account for the behaviour of the object with respect to in-plane shear.
We apply the model above in Ω = (0, 10)× (−10, 10) with the boundary conditions:
u = u0 on Γout
u · er = 0
∂u · ez
∂r
= 0
}
on Γaxis,
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Figure 2: Error in H1 norm as a function of h for the falling swollen vesicle problem. The line indicates the h3/2 slope.
and f = −ρ′ez , ρ′ being the buoyancy, set to one in Ωd and zero elsewhere. Here the problem is written as static,
because we will see that it results in u = 0 on the membrane Γ provided that u0 is chosen such that gravity and
drag forces balance. Noticing that the constraints result in an undeformable ball, and that the symmetry prevents
any flow on Γ(t), we observe that the analytical solution for the settling of a sphere [9] applies here in Ω \ Ωd,
namely, in the frame of the ball,
u · eR = uR = U sinΨ
(
1− 3
2R
+
1
2R3
)
, u · eΨ = uΨ = U cosΨ
(
1− 3
4R
− 1
4R3
)
,
written in spherical coordinates with R =
√
r2 + z2 and Ψ = tan−1 zr , eR and eΨ being the corresponding basis
vectors. This also yields the drag force, and hence the value of U balancing the gravity force, U = 2/9.
We simulate the full problem using the analytical solution as a boundary condition. We simulate the problem
with four meshes of different refinement, Ωh with h ∈ {2h0, h0, h0/2, h0/4}, which are obtained by refining or
coarsening the original mesh Ωh0 of approximately 2500 elements. Here we take piecewise linear finite elements
for the tension ζ˜h, m = 1. We find that the numerical solution behaves as expected, leaving the ball undeformed
and stationary up to an error that decreases with the mesh size h, figure 2. The H1 error ‖ue − uh‖1 is found to
decrease as O(h1.5) (figure 2), the optimal rate of convergence for this problem being O(h2).
5.2 Flow past a flag
We now turn to the case when the curve Γ(t) has one ‘free’ end, but still in conditions in which there will be no
time evolution of Γ(t) because inextensibility forces balance hydrodynamic forces. This is the case of a ‘flag’, or
a piece of thread in a two-dimensional flow such as a soap film [10] if the thread is initially aligned with the flow
direction. This setup simulates the flow past a plate, a problem equivalent to the Stokes ‘stick-slip’ problem, for
which an asymptotic solution is known [4, 5].
We take Ω = [−5, 5]× [−2×2] and ∂Ω = Γout∪ΓD. The initial condition is γ0(s) = (s, 0)T, and our analysis
states that at later times, γ(t, s) = γ0(s). We test the numerical implementation with respect to this result and the
asymptotic solution of the Stokes ‘stick-slip’ problem.
Numerical simulations are in accordance with the asymptotic solution, however it is found that uxh is not 0 on
Γ, close toB, see figure figure 3(a). Although this means that the inextensibility constraint is not exactly enforced,
this is not in contradiction with the global convergence of the finite element approximation, since the constraint
is imposed only up to numerical error unless the kernel of the discrete function that imposes inextensibility is
included in the kernel of the corresponding continuous functional. This is however a practical problem, since in
many applications the conservation of the length of the inextensible curve needs to be enforced accurately. In
order to ensure conservatively the inextensibility, we need to enrich the discretisation of the space Z of the tension.
Taking piecewise quadratic tension, m = 2, allows to have this kernel inclusion and leads to velocities exactly
equal to zero on Γ, figure 3(b). Note however that tension then exhibits oscillations that need to be filtered by a
projection from (Zflag)nh,2 onto (Zflag)
n
h,1 to obtain the results in figure 3(b). Figure 3(c) shows the sharpness of the
numerical result with this method: the x–component of the velocity, exactly zero on the segment Γ, grows like the
square root of the distance to Γ.
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Figure 3: Comparison of the numerical solution for the tension ζh(x, 0), velocity uxh(x, 0) and friction force ∂yu
x
h(x, 0
+) on
the line y = 0 around point B = (1, 0)T, with the asymptotic behaviours ζ ∼ a√1− x, ux ∼ a4
√
max{x− 1, 0}
and ∂u
x
∂y (x, 0
+) = − ∂ζ∂x ∼ a2√1−x , for (a) m = 1 and (b) m = 2. In (a), velocity is O(h) for x ≤ 1, and the
tension is well approximated (with an expected small deviation close to x = 1, since
√
1− x is singular there). In
(b), velocity is exactly zero for x ≤ 1, and the P1 projection of tension is also a good approximation of tension.
(c) Approximation uxh of the velocity in the neighbourhood of the flag, for m = 2.
6 Conclusions
We develop and demonstrate a novel numerical method for the simulation of problems involving a constraint on
a moving boundary, in the present case, the inextensibility constraint. This is done by making use of a surface
Lagrange multiplier (called tension), which allows to enforce accurately the inextensibility constraint locally on the
thread or membrane. A variational formulation of this constrained problem is given, using a saddle-point approach
in an analogous manner as for the incompressibility constraint. Here, however, the tension force associated with
the Lagrange multiplier is a surfacic force applied on the inextensible boundary. We demonstrate the capability of
the method to capture sharp gradients and to impose efficiently and robustly the constraint of inextensibility.
The method is here demonstrated in cases where the structure is static, but can handle highly dynamic flows, as
shown in [3], where it is extended to account for the inertia and bending rigidity of the thin structure.
Finally, we would like to stress that there are many physical situations of interest in which the strong points of
this method could prove decisive. Indeed, any penalty method implies to choose globally an extensibility modulus.
Thus, regions of strong sollicitation will extend proportionately more in a penalty method, which will not be the
case using a Lagrange multiplier approach. Yet, a physical situation as common and simple as a filament extended
by a flow field, fixed by one of its ends, exhibits a sollicitation that goes to infinity at its free end. It is thus crucial
to pay attention to this issue.
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